In this work a Reynolds-Averaged two-fluid fully coupled model (RA-TFM) for modelling of turbulent fluid-particle flow is implemented in OpenFOAM and applied to a vertically orientated backward-facing step. Three particle classes with varying mass loadings (10-40%) and different Stokes number are investigated. Details of the implementation and solution procedure are provided with special attention given to challenging terms. The prediction of mean flow statistics are in good agreement with the data from literature and show a distinct improvement over current model predictions. This improvement was due to the separation of the particle turbulent kinetic energy k p , and the granular temperature Θ p , in which the large scale correlated motion and small scale uncorrelated motion are governed by separate transport equations. For each case simulated in this work, turbulence attenuation was accurately predicted, a finding that is attributed to separate coupling terms in both transport equations of k p and ε p .
Introduction 2. Numerical Model
Here we begin by presenting the Reynolds-averaged transport equations from 98 Fox [21] . The RA transport equations are presented in their conservative form with 99 closures found in Table 5 . For clarity the PA notation has been dropped and the PA 100 variables along with their definitions can be found in Table 6 . The particle phase 101 continuity equation reads:
Where α p is the volume fraction of particles, ρ p is the density of the particles and 103 u p is the particle phase velocity.
104
The momentum balance equation for the RA particulate phase is given as:
Where the first term on the right hand side (RHS) contains the diffusive viscos-106 ity associated with the material viscosity and the particle turbulent viscosity. The 107 forms for these are analogous to those of a fluid and can be found in Table 5 . The Sc f p = (k f /k p ) 1/2 a Stokes number (St) dependency is introduced which accounts for
The momentum balance equation for the RA fluid phase is given as:
The momentum equations are symmetric with opposite pressure gradients, hence the 124 corresponding term in the particle momentum equation (2) are defined in the same 125 manner but with respect the fluid phase.
126
The RA turbulent kinetic energy transport equation for the fluid-phase takes the 127 form:
The first term on the RHS is the fluid-phase turbulent kinetic energy flux. The 
133
The RA turbulent kinetic energy dissipation transport equation for the fluid-134 phase reads as:
The first term on the RHS is the fluid-phase turbulent kinetic dissipation energy forms of these are as follows:
Where Π f is the production of the turbulent kinetic energy, Π f p is due to mean 141 slip and Π ρf is due to volume-fraction-velocity correlations. The coupling terms take 142 the form of k f p = β k k f k p and ε f p = β ε √ ε f ε p . Where correlation coefficients are 143 0 < β k , β ε ≤ 1. These terms represent the fluid-velocity covariance and their exact 144 closure is still uncertain, a detailed discussion on this point can be found in [21] .
145
This form is adopted as it shows correct limiting behaviour for large St as well as 146 diminishing correctly in the absence of the particulate phase.
147
The RA particle-phase turbulent kinetic energy reads as:
The first term on the RHS is the particle-phase turbulent kinetic energy flux. The 149 second term Π p is kinetic energy production due to mean shear with the third term induced and mean slip terms.
153
The RA particle-phase turbulent kinetic energy dissipation transport equation reads:
The first term on the RHS is the particle phase turbulent kinetic dissipation 155 energy flux. The second term Π p is kinetic energy production due to mean shear 156 with the third term being its dissipation. The remaining two terms are the coupling 157 terms: velocity correlations, and the combination of the buoyancy induced and mean 158 slip terms. The second term contains, Π p which is the production of the turbulent 159 kinetic energy and is expressed as:
It should be noted here that the final term on the RHS is a compressive term [51]. Finally, the buoyancy-induced source term Π ρf is added to the mean slip Π f p 164 to be reformulated as Π ρp which is read as:
The granular temperature equation reads as:
The first term on the RHS is the PA granular temperature flux which is made up 167 of two contributions, the granular temperature flux and the turbulent granular flux.
168
The former is the granular conductivity of which there are various formulations in the The wall boundary conditions for the particle phase require additional modelling. 
Here we define u p,w as the particle slip velocity parallel to the wall, u p,w = u p −u w 207 with u w defined as the wall velocity. Where σ p is the particle viscous stress tensor
208
and we denote n as the unit vector normal to the wall. Then equation 15 is recast 209 into a more compact form
where the term D w = φV w representing φ, the specularity coefficient and the term 3Θ p g 0 . This boundary condition prescribes a particle partial-slip velocity at the 214 wall. From this condition it follows that the components of the Reynolds stress tensor 215 u p u p p need not be zero at the wall unlike in the fluid phase. As we are interested 216 in modelling the particle-wall interaction of the particle turbulent kinetic energy k p 217 we assume isotropy in the fluctuating components.
Equating the principal Reynolds stress components (u decomposition (see Table 6 ) the wall boundary condition for k p reads
Following on from this a condition for the particle turbulent kinetic energy dissi-222 pation rate ε p can be prescribed: 
For simplicity the turbulent dispersion term is now denoted as D, separating the 242 drag contributions into explicit and implicit terms and dividing by both the phase 243 fraction and density we are left with: term can be rewritten into a diffusive and corrective component:
It is important to clarify the behaviour of terms with the volume fraction in their of volume fraction which in the limit α p → 0 means that the ratio approaches zero.
254
Finally, the fluid velocity-pressure-covariance term contains the volume fraction in 255 its denominator, however due to the particle packing limit ensured by the particle's 256 structural properties the volume fraction of the fluid phase does not approach 0. and diffusive transport terms.
260
T 
265
T p & T f represents the system of algebraic equations from the discretisated Eqs.
266
26 & 27 which appear in the form,
This discretised form of the momentum equations will be revisited once the source 268 terms on the RHS are addressed.
269
Now addressing the RHS of Eq. 23 & 24 which reads as
.
denoting the buoyancy terms to be g *
we can write parts, the neighbouring coefficients (multiplied by its respective phase velocity) and the source terms,
The equations can then be written as:
Rearranging Eqs. 31 gives the phase momentum correction equations, note these 284 equations are not used in the solution algorithm, but are required to derive a flux 285 predictor and corrector:
2.5. Construction of the pressure equation
287
In order to derive a pressure equation the continuity equation is enforced globally.
288
The global continuity equation thus reads:
where the subscript () f denotes the face value and 
where the flux predictions φ *
Now the pressure equation can be constructed by substituting Eq. 34 into Eq.
295
33 which reads:
where
and the pressure gradient has been discretised implicitly on the LHS as a diffusion This is achieved by invoking:
where the subscript f → c denotes a vector field reconstruction from face flux [55] the particle phase continuity equation ?? can be reformulated as:
where u T = α p u p + α f u f is the mixture velocity and u r = u p − u f is the relative 314 velocity. This equation can then be discretised as
where φ r,p = (α f ) f φ r and φ r = φ p − φ f .
316
The second term on the LHS is ensured to be bounded between 0 and 1 due to the
The third term is bounded by employing φ r in the convective scheme by interpolating 319 α p to the face and −φ r in the face interpolation of α f . This system is solved using The numerical procedure adopted in the segregated algorithm: The computational domain is a two-dimensional channel section as seen in Fig.   340 2 which starts at 60h upstream of the step to allow the flow to fully develop and 341 extends 30H downstream. The material constants for each respective case can be 342 found in Table 2 . As reported in the experiments the centreline velocity, U 0 is 10.5 343 ms −1 at the step (x/H =0) and this corresponded to an inlet value of 9.3 ms −1 . Mass 344 loading is given by a uniform particle volume fraction across the inlet, this is achieved 345 by assuming a constant particle-to-fluid velocity ratio. quantities of particle velocity, fluid turbulence intensity and particle turbulence in-360 tensity are presented across three cases focusing on three particle classes (see Table   361 1). The measured velocity profiles start at the recirculation region (x/H = 2), con- across the width of the pipe. As the particles pass the step they are redistributed 405 inhomogeneously (clustered) which reduces the slip velocity and as a result the drag.
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As the particles reach the redevelopment region they begin to redistribute homoge- the eddy in the same way a particle of (St < 1) would.
432
The turbulence attenuation was accurately captured across all three particle contain source terms that are of the same physical attribute i.e. particle turbulent 448 kinetic energy and particle turbulence kinetic energy dissipation both contain sepa-449 rate coupling terms, which ensures conservation of energy between the two phases.
450
In addition to this no numerical limiting was needed as the evolution of the granular Without the k p − ε p transport model, the influence of the step is not captured and 468 an under-prediction of the turbulent particle kinetic energy is seen. Table 3 shows In the MPM this definition of the particle-phase time scale is not present. The and across the whole profile at location (x/H = 12).
514
When comparing the near wall predictions of particle fluctuation energy it can 515 be seen that there is a slight under-prediction when comparing φ = 0 and φ = 516 0.01 − 0.001. This is to be expected as a higher specularity coefficient will result in 517 a higher value of particle fluctuation energy due to the production of mean particle high specularity coefficient at the wall promotes "sticking" of the particles. As these 532 particles are stuck at the wall and then released they begin to produce mean shear Next, the turbulent pressure term, which contains the term 2/3ρ p α p k p , remains 553 negligible throughout. This term arises due to compressibility effects which are 554 expected to be high for large Mach numbers, which was not the case in this work.
555
The covariance of the volume fraction and fluid pressure gradient remains very small 556 throughout; this was to be expected as it represents the fluctuations in the buoyancy 557 force. Due to the high density ratio, ρ p /ρ f the flow was not considered buoyancy 558 driven and so this term was negligible.
559
The velocity-fluid-pressure-gradient covariance term was found to be negligible for 560 glass particles but was vital in the successful prediction of the mean particle velocities 561 of the copper particles. In fact, without this term the mean particle velocities were 
570
For the multiphase turbulence modelling coupling terms found in Eq. 5, 6, 10 & 571 11, only the velocity correlation terms were found to be relevant for this flow. These 572 terms are responsible for the turbulence attenuation, so it follows that they should 573 remain. The volume-fraction-velocity correlation was found to be negligible due to 574 the high density ratio used in this work, but for small density ratios this term may be 575 relevant. The mean slip term was found to be non-negligible but its magnitude was 576 not enough to affect the solution. Interestingly, in this work there was a large mean 577 slip value near the wall which is where this term is expected to be at its largest. Due Table 4 for Kn).
588
The flow regime used in this study is characterized as moderately dilute where 2. The inclusion of the correlated k p and uncorrelated Θ p particle motion was 614 crucial in accurately predicting the behaviour of the turbulent shear layer.
615
This was further highlighted when compared to the turbulent particle kinetic 616 energy predictions from the modified Peirano model. phase averaging operator associated with phase i 
642
The momentum balance equation for each phase:
Kinetic Theory of Granular Flow

647
Following the kinetic theory of granular flow the closure of the particle pres-648 sure, shear and bulk viscosities can be provided. The granular temperature Θ p is 649 introduced as a measure of the particle velocity fluctuations [23] .
650
Θ p = 1 3 u 2 p (46) where u p is the particle fluctuation velocity. A balance equation is introduced for Finally, J s is either dissipation of granular temperature due to viscous damping and/or creation of granular temperature from the slip between the fluid and particles.
658
Both terms can be written more intuitively to read:
The first term can be modeled as 3Θ p according to Gidaspow [23] The transport equations for the fluid phases turbulence model k f − ε f reads as 663 follows:
Where G is the production of the turbulent kinetic energy, which is expressed as 666 follows:
The term Π kf accounts for turbulence modulation from particles and represents the 
The term u d accounts for turbulence dispersion and is also known as the drift velocity.
670
Here it is given from the formulation of [44] .
The fluid-particle covariance term is given by Sinclair and Mallo [46] and is also 672 termed an isotropic model.
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